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Abstract

Causal mediation analysis is routinely conducted by applied researchers in a variety of dis-
ciplines including epidemiology, political science, psychology, and sociology. The goal of such
an analysis is to investigate alternative causal mechanisms by examining the roles of interme-
diate variables that lie in the causal path between the treatment and outcome variables. In
this paper, we first prove that under a particular version of sequential ignorability assumption,
the average causal mediation effect (ACME) is nonparametrically identified. We compare our
identifying assumption with those proposed in the literature. Some practical implications of
our identification result are also discussed. In particular, the popular estimator based on the
linear structural equation model (LSEM) can be interpreted as an ACME estimator if the lin-
earity and no-interaction assumptions are satisfied in addition to the proposed assumption. We
show that this assumption can easily be relaxed within the framework of LSEM. Second, we
consider a simple nonparametric estimator of the ACME in order to relax distributional and
functional form assumptions. We also discuss a more general nonparametric approach. Third,
we propose a new sensitivity analysis that can be easily implemented by applied researchers
within the standard LSEM framework. Like the existing identifying assumptions, the proposed
assumption may be too strong in many applied settings. Thus, sensitivity analysis is essential in
order to examine the robustness of empirical findings to the possible existence of an unmeasured
confounder. Finally, we apply the proposed methods to a randomized experiment from political

psychology.
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1 Introduction

Causal mediation analysis is routinely conducted by applied researchers in a variety of scientific
disciplines including epidemiology, political science, psychology, and sociology (see
2008). The goal of such analysis is to investigate alternative causal mechanisms by examining
the role of intermediate variables that lie in the causal paths between the treatment and outcome
variables. The statistical literature began to formally study causal mediation analysis about fifteen

years ago (Robins and Greenland] [I992)), and a number of articles have appeared in more recent

years (e.g., [Pearl} 2001} [Robins|, R003} [Rubin] 2004} [Petersen et al] 2006} [Geneletti 2007} [Joffe]
[e_al] 2007} [Ten Have et al] 2007} [ATbert] [2008} [Jo, 2008} [Joffe et al] [2008} [Glynn] 2008} [Sobell
[2008} [Vander Weele], [2008], [2009)).

In this paper, we contribute to this fast-growing literature in several ways. In Section [2] we

prove that under a particular version of sequential ignorability assumption, the average causal
mediation effect (ACME) is nonparametrically identified. We compare our identifying assumption
with those proposed in the literature, and discuss practical implications of our result. In particular,

[Baron and Kenny| (1986))’s popular estimator, which is based on a linear structural equation model

(LSEM), can be interpreted as an ACME estimator under the proposed assumption if an additional
assumption is satisfied. We show that this additional assumption can be easily relaxed within the
standard LSEM framework.

In Section [3] after briefly discussing parametric estimation procedures, we relax distributional
and functional-form assumptions by considering a simple nonparametric estimator. We conduct
a Monte Carlo experiment to investigate the finite-sample performance of the proposed nonpara-
metric estimator and its asymptotic confidence interval. We also discuss how this estimator can
be generalized to small sample situations.

Like the existing identifying assumptions, the proposed assumption may be too strong in typical
situations in which causal mediation analysis is employed. In particular, in experiments where the
treatment is randomized but the mediator is not, the ignorability of the treatment assignment holds
but the ignorability of the mediator may not. In Section [4] we propose a new sensitivity analysis
that can be easily implemented by applied researchers within the standard LSEM framework.
This method directly evaluates the robustness of empirical findings to the possible existence of
unmeasured pre-treatment variables that confound the relationship between the mediator and the
outcome. Finally, in Section [5] we use the proposed methods to analyze a randomized experiment
from political psychology. Section [6] gives concluding remarks.

2 Identification
2.1 The Framework

Consider a simple random sample of size n from a population where for each unit ¢ we observe
(T;, M;, X;,Y;). We use T; to denote the binary treatment variable where 7; = 1 (7; = 0) implies
unit ¢ receives (does not receive) the treatment. The mediating variable of interest, i.e., the
mediator, is represented by M;, whereas Y; represents the outcome variable. Finally, X; denotes
the vector of observed pre-treatment covariates, and we use M, X', and ) to denote the support
of the distributions of M;, X;, and Y;, respectively.

To define the causal mediation effects, we use the potential outcomes framework. Let M;(t)



denote the potential value of the mediator for unit ¢ under the treatment status 7; = t. Similarly,
we use Y;(t,m) to represent the potential outcome for unit i when 7; = ¢t and M; = m. Then,
the observed variables can be written as M; = M;(T;) and Y; = Y;(T;, M;(1;)). Similarly, if the
mediator takes J different values, there exist 2J potential values of the outcome variable, only one
of which can be observed.

Using the potential outcomes notation, we can define the causal mediation effect for unit ¢
under treatment status ¢ as (see |[Robins and Greenland} (1992} [Pearl] [2001]),

5i(H) = Yilt, My(1)) - Yi(t, Mi(0), (1)

fort =0,1. (2001) called d;(t) the natural indirect effect, While (2003)) used the term

the pure indirect effect for §;(0) and the total indirect effect for §;(1). In words, J;(¢) represents
the difference between the potential outcome that would result under treatment status ¢, and the
potential outcome that would occur if the treatment status is the same and yet the mediator takes
a value that would result under the different treatment status. Note that the former is observable
(if the treatment variable is actually equal to t) whereas the latter is by definition unobservable
(under the treatment status ¢t we never observe M;(1—t)). This notation implicitly assumes that the
potential outcome depends only on the values of the treatment and mediating variables regardless
of how they are realized, e.g., for t = 0,1 and all m € M, Y;(t, M;(t)) = Yi(t, M;(1 —t)) = Y;(¢t,m)
if Mz(l) = MZ(O) =m.

Thus, equation formalizes the idea that the mediation effects represent the indirect effects
of the treatment through the mediator. In this paper, we focus on the identification and inference
of the average causal mediation effect (ACME), which is defined as,

o(t) = E(0:(t)) = E{Yi(t, Mi(1)) — Yi(t, M;(0))}, (2)

for t = 0,1. In the potential outcomes framework, the causal effect of the treatment on the
outcome for unit 7 is defined as 7; = Y;(1, M;(1)) — Y;(0, M;(0)), which is typically called the total
causal effect. Therefore, the causal mediation effect and the total causal effect have the following
relationship,

o= 0i(t)+ Gl 1), (3)

where (;(t) = Yi(1, M;(t)) — Y;3(0, M;(t)) for t = 0,1. This quantity (;(¢) is called the natural direct
effect by and the pure/total direct effect by . This represents the causal
effect of the treatment on the outcome when the mediator is set to the potential value that would
occur under treatment status ¢. In other words, ¢;(t) is the direct effect of the treatment when the
mediator is held constant. Equation shows an important relationship where the total causal
effect is equal to the sum of the mediation effect under one treatment condition and the natural
direct effect under the other treatment condition. Clearly, this equality also holds for the average
total causal effect so that, 7 = E{Y;(1, M;(1)) — Y;(0, M;(0))} = 6(¢) + (1 — t) for t = 0,1 where
C(t) = E(G(1)).

The causal mediation effects and natural direct effects differ from the controlled direct effect
of the mediator, i.e., Y;(t,m) — Y;(t,m') for t = 0,1 and m # m’, and that of the treatment, i.e.,

Y;(1,m) — Y;(0,m) for all m € M (Pearl|, 00T} [Robins] 2003)). Unlike the mediation effects, the




controlled direct effects of the mediator are defined in terms of specific values of the mediator, m
and m/, rather than its potential values, M;(1) and M;(0). While causal mediation analysis is used
to identify possible causal paths from T; to Y;, the controlled direct effects may be of interest, for
example, if one wishes to understand how the causal effect of M; on Y; changes as a function of 7;.
In other words, the former examines whether M; mediates the causal relationship between T; and
Y; whereas the latter investigates whether T; moderates the causal effect of M; on Y; (Baron and

T53).
2.2 The Main Identification Result
We now present our main identification result using the potential outcomes framework described

above. We show that under a particular version of sequential ignorability assumption, the ACME
is nonparametrically identified. We first define our identifying assumption,

ASSUMPTION 1 (SEQUENTIAL IGNORABILITY)

{Yi(t',m), M;(t)} L Ti|X;=uw, (4)
Y;(t,,m) 1 M; ’ T, =t,X;, =x, (5)

for t,t' = 0,1, and all x € X where it is also assumed that 0 < Pr(T; =t | X; = z) and
O0<pM;=m|T;=t,X;,=x) fort =0,1, and all z € X and m € M.

Thus, the treatment is first assumed to be ignorable given the pre-treatment covariates, and then
the mediator variable is assumed to be ignorable given the observed value of the treatment as well
as the pre-treatment covariates. We emphasize that unlike the standard sequential ignorability
assumption in the literature (e.g., , the conditional independence given in equa-
tion of Assumption |1| must hold without conditioning on the observed values of post-treatment
confounders. This issue is discussed further below.

The following theorem presents our main identification result, showing that under this assump-
tion the ACME is nonparametrically identified.

THEOREM 1 (NONPARAMETRIC IDENTIFICATION) Under Assumptz’on the ACME and the aver-
age natural direct effects are nonparametrically identified as follows fort = 0,1,

50) = [ [ B M= m T = X = ) {dFa, e ) = Ao, ()} dF, (),
E(t) = //{E(YZ | Mi = m,Ti = 1,X~L‘ = IE) — E(Y; | MZ‘ =m, Ti = O7 XZ‘ = CL‘)} dFM,ilT,i:t,Xi::c(m) dFXi (CL‘)

where Fz(-) and Fpw () represent the distribution function of a random variable Z and the

conditional distribution function of Z given W.

A proof is given in Appendix Theorem [l is quite general and can be easily extended to any
types of treatment regimes, e.g., a continuous treatment variable. In fact, the proof requires no
change except letting ¢ and t' take values other than 0 and 1. Assumption [I| can also be somewhat
relaxed by replacing equation with its corresponding mean independence assumption. How-
ever, as mentioned above, this identification result does not hold under the standard sequential

ignorability assumption. As shown by [Avin et al] (2005]) and also pointed out by (12003)),




the nonparametric identification of natural direct and indirect effects is not possible without an
additional assumption if equation holds only after conditioning on the post-treatment con-
founders Z; as well as the pre-treatment covariates X, i.e., Y;(t',m) L M; | T, =t,7Z; = z, X; = z,
for t,¢/ = 0,1, and all x € X and 2z € Z where Z is the support of Z;. This is an important
limitation since assuming the absence of post-treatment confounders may not be credible in many
applied settings. In some cases, however, it is possible to address the main source of confounding
by conditioning on pre-treatment variables alone (see Section [5| for an example).

2.3 Comparison with the Existing Results in the Literature

Next, we compare Theorem [I] with the related identification results in the literature. First,
(2001] Theorem 1) makes the following set of assumptions in order to identify &(¢*),

E(Y(t,m) | X; =) and E(M;(t") | X; =) are identifiable, (6)
Yi(t,m) L M;(t*) | X; ==, (7)

forallt =0,1, m € M, and x € X. Under these assumptions, Pearl arrives at the same expressions
for the ACME as the ones given in Theorem

The direct comparison of Assumption [I] and Pearl’s assumptions is difficult since there are
many ways to achieve the identification condition given in equation @ In particular, equation
implies equation @, while the converse is not necessarily true. For example, equation can be
relaxed as follows while still implying equation @,

K(t, m) 1 TZ' | Xz' =, and Mz(t> 1 TZ' ‘ XZ‘ =x, (8)

for t = 0,1, and all m € M. Equation is slightly weaker than equation because the former
does not require the joint independence between {Y;(¢',m), M;(t)} and T; given X;. Equation (4)
also assumes that this joint independence must hold even when ¢ # t'.

While equation @ is implied by Assumption |1} equation does not hold in general under
Assumption |1 alone. Equation requires conditional independence between the potential values
of the outcome variable and the potential values of the mediating variable, whereas equation
of Assumption [1| is based on the conditional independence between the potential outcomes and
the realized value of the mediator. In addition, equation does not condition on the realized
treatment status whereas equation does.

To further facilitate the comparison, we consider a situation of practical importance where the
treatment is randomized and researchers are interested in the identification of both §(1) and §(0).
In this case, Assumption [I]is weaker than Pearl’s conditions. To see this, we show that the random-
ization of the treatment implies equation , which together with equation @ implies equation .
That is, for any ¢, ¢, we have, p(Y;(t',m) | M;, T; = t) = p(Yi(t',m), M;(t) | T; = t)/p(M;(t) | T; =
t) = p(Yi(t',m), M;(t))/p(M;(t)) = p(Yi(t',m)) = p(Yi(t',m) | T; = t), where the second and third
equalities follow from equations and , respectively. However, equations and do not
imply Y;(t,m) 1L M;(t') | X; for t #t'. Section provides such an example where equation
holds but equation does not.

Second, considers the identification under what he calls a FRCISTG model,
which satisfies equation (4] as well as,

Yg(t,m) JLMl(t) ‘ E:t,Zi:Z,Xizx, (9)



for t = 0,1 where Z; is a vector of the observed values of post-treatment variables that confound
the relationship between the mediator and outcome. The key difference between Assumption [I}and
a FRCISTG model is that the latter allows conditioning on Z; while the former does not.
(2003)) argued that this is an important advantage over Pearl’s conditions, in that it makes the
ignorability of the mediator more credible.

Under this model, Theorem 2.1) shows that the following additional assumption
is sufficient to identify the ACME;,

Yi(1,m) = Yi(0,m) = B, (10)

where B; is a random variable independent of m. This assumption, called the no-interaction
assumption, states that the controlled direct effect of the treatment does not depend on the value
of the mediator. This result contrasts with Theorem [1} which shows that under the sequential
ignorability assumption that does not condition on the post-treatment covariates, the no-interaction
assumption is not required for the nonparametric identification.

Third, [Petersen et al| (2006) presents yet another set of identifying assumptions, consisting
of equations and as well as the following additional assumption, E{Y;(1,m) — Y;(0,m) |
M;(t*) = m, X; = x} = E{Y;(1,m) — Y;(0,m) | X; = z} for all m € M. Theorem [I] shows that
if equation is replaced with equation , which is possible when the treatment is randomized,

then this additional assumption is unnecessary for the nonparametric identification.

Finally, in the appendix of a recent working paper, [Hafeman and VanderWeeld (2008) show

that if the mediator is binary, the ACME can be identified with a weaker set of assumptions than
Assumption However, it is unclear whether this result can be generalized to cases where the
mediator is non-binary. In contrast, the identification result given in Theorem [1| holds for any type
of mediator, whether discrete or continuous. Both identification results hold for general treatment
regimes, unlike some of the previous results.

2.4 Implications for Linear Structural Equation Model

Next, we discuss the implications of Theorem [I] for LSEM, which is a popular tool among applied

researchers who conduct causal mediation analysis. In an influential article, [Baron and Kenny]|

(1986f) proposed a framework for mediation analysis which was later more rigorously developed by
other researchers (e.g. [MacKinnon and Dwyer] [1993f [MacKinnon et al} [1995]). This framework is
based on the following system of linear equations,

Yi = a1+ 4T+ €, (11)
M; = ag+ BT + €, (12)
Y = a3+ BT +vM; + €. (13)

Although we adhere to their original model, one may further condition on any observed pre-
treatment covariates by including them as additional regressors in each equation. This will change
none of the results given below so long as the model includes no post-treatment confounders.

Under this model, [Baron and Kenny| (1986) suggested that the existence of mediation effects

can be tested by separately fitting the three linear regressions and testing the null hypotheses (1)
81 =0, (2) B2 =0, and (3) v = 0. If all of these null hypotheses are rejected, they argued, then
B2y could be interpreted as the mediation effect.



We note that equation is redundant given equations and . To see this, substitute
equation into equation to obtain,

Y, = (az+azy)+ (834 B2y)T; + (veir + €3). (14)

Thus, as pointed out by other researchers (e.g. [MacKinnon} [2008] Section 3.13), testing 51 = 0 is

unnecessary since the ACME can be non-zero even when the average total causal effect is zero.
This happens when the mediation effect offsets the direct effect of the treatment.

The next theorem proves that within the LSEM framework, Baron and Kenny’s interpretation
is valid if the Assumption [1] holds.

THEOREM 2 (IDENTIFICATION UNDER THE LSEM) Consider the LSEM defined in equations (11)), (12), and (13).
Under Assumption |1, the ACME is identified and given by, 6(0) = §(1) = By, where the equality

between 6(0) and §(1) is also assumed.

A proof is in Appendix The theorem implies that under the same set of assumptions, the
average natural direct effects are identified as (0) = ((1) = 33 where the average total causal effect
is T = (3 4+ (2. Thus, Assumption [1| enables the identification of the ACME under the LSEM.

[Egleston et al] (2006) obtain a similar result under the assumptions of (12001)) and

(12003|), which were reviewed in Section
It is important to note that under Assumption the standard LSEM defined in equations and

makes the following no-interaction assumption about the ACME,

ASSUMPTION 2 (NO-INTERACTION BETWEEN THE TREATMENT AND THE ACME)

5(1) = 4(0).
This assumption is equivalent to the no-interaction assumption for the average natural direct
effects, ((1) = ¢(0). Although Assumption [2] is related to and implied by Robins’ no-interaction
assumption given in equation , the key difference is that Assumption [2|is written in terms of
the ACME rather than controlled direct effects.

As Theorem [I] suggests, Assumption [2]is not required for the identification of the ACME under
the LSEM. We extend the outcome model given in equation (|13|) to,

Yi = oag+ 831 +vM; + KT; M; + €3, (15)

where the interaction term between the treatment and mediating variables is added to the outcome
regression while maintaining the linearity in parameters. This formulation was first suggested
by [Judd and Kenny] (1981)) and more recently advocated by [Kraemer et al] (2002} R008) as an
alternative to Barron and Kenny’s approach. Under Assumption [I] and the model defined by
equations and (15), we can identify the ACME as §(t) = B2(7 + tk) for t = 0,1. The average
natural direct effects are identified as ((t) = (3 + k(az + (at), and the average total causal effect
is equal to 7 = B2y + O3 + k(ag + [2). This contrasts with the proposal by [Kraemer et al] (2008)
that the existence of mediation effects can be established by testing either v =0 or x = 0.

The connection between the parametric and nonparametric identification becomes clearer when
both T; and M; are binary. To see this, note that &(¢) can be equivalently expressed as (drop-

ping the integration over P(X;) for notational simplicity), (¢) = Ei;:lo EY: | M; = m,T; =



tL,Xi){Pr(M; =m | T; =1,X;) —Pr(M; =m | T; = 0,X;)}, when M; is discrete. Furthermore,
when J = 2, this reduces to, 0(t) = {Pr(M; = 1| T; = 1, X;) — Pr(M; = 1 | T; = 0, X;) H{E(Y; |
M, =1,T,=t,X;)—E(Y; | M; =0,T; =t,X;)}. Thus, the ACME equals the product of two terms
representing the average effect of T; on M; and that of M; on Y; (holding T; at t), respectively.
Finally, in the existing methodological literature, explores the identification prob-
lem of mediation effects under the framework of LSEM without assuming the ignorability of the
mediator (see also |[Albert} [2008} [2008]). However, maintains, among others, the
assumption that the causal effect of the treatment is entirely through the mediator and applies

the instrumental variables technique of [Angrist et al] (1996]). That is, the natural direct effect is

assumed to be zero for all units a priori, i.e., (;(t) = 0 for all t = 0,1 and . This assumption may
be undesirable from the perspective of applied researchers, because the existence of the natural
direct effect itself is often of interest in causal mediation analysis. See [Joffe et al] (2008)) for an
interesting application.

3 Estimation and Inference

3.1 Parametric Estimation and Inference

Under the LSEM given by equations and and Assumption the estimation of the ACME
is straightforward since the error terms are independent of each other. Thus, one can follow the
proposal of [Baron and Kenny| (1986) and estimate equations and by fitting two separate
linear regressions. The standard error for the estimated ACME, i.e., 6(¢ (t) = Bo%, can be calculated
either using the Delta method 1|Sobe I, l@b ie., Var(d(t)) ~ ﬁ%Var( ) + ~42Var(82), or the exact
variance formula (Goodman| [1960)), i.e., Var(8( )) B3Var(%) 4 v2Var(f3s) + Var(y)Var(3s). For
the natural direct and total effects, standard errors can be obtained via the regressions of Y; on T;
and M; (equation and Y; on T; (equation , respectively.

When the model contains the interaction term as in equation (so that Assumption 2] is

relaxed), the asymptotic variance can be computed in a similar manner. For example, using the
delta method, we have Var(d(t)) = (v + tk)?Var(Bs) + 83{Var(§) + tVar(i ) + 2tCov(9, #)} for
t = 0,1. Similarly, Var(((t)) ~ Var(03) + (aa +t02)2Var (i) + 2(ca + t32)Cov(fs, &) + £2{ Var(ds) +
tVar(B2) + 2tCov(ag, 32)}. (See the online appendix for a detailed derivation.) For the average
total causal effect, the variance can be obtained from the regression of Y; on T;.

3.2 Nonparametric Estimation and Inference

Next, we consider a simple nonparametric estimator. Suppose that the mediator is discrete and
takes J distinct values, i.e., M ={0,1,...,J —1}. The case of continuous mediators is considered
further below. First, we consider the cases where we estimate the ACME separately within each
strata defined by the pre-treatment covariates X;. One may then aggregate the resulting stratum-
specific estimates to obtain the estimated ACME. In such situations, a nonparametric estimator
can be obtained by plugging in sample analogues for the population quantities in the expression
given in Theorem

. ZHY1{T4M L N
mz_:{ S W=t M —m} a;l{ﬂ—lyMz—m} ;O;l{ﬂ—O,Ml_m} 7

(16)

where n; = Z?=1 1{T; =t} and t = 0,1. By law of large numbers, this estimator asymptotically

converges to the true ACME under Assumption The next theorem derives the asymptotic



variance of the nonparametric estimator defined in equation ([16) given the realized values of the
treatment variable.

THEOREM 3 (ASYMPTOTIC VARIANCE OF THE NONPARAMETRIC ESTIMATOR) Suppose that As-
sumption |1| holds. Then, the variance of the nonparametric estimator defined in equation 18
asymptotically approximated by,

& 1 = Vi—t,;m nt(l - Vl—t,m)ugm
Var(0(t)) ~ — Vietm§ | —— — 2| Var(Y; | M; =m,T; =t) +
™ =0 Vim ni—t
J-1  J-2
2 1
_n1 : Z Z Vi—t,mV1—t,m/ Btm fotm/ + EVar(YQ | T; =t),

m’=m+1m=0
fort =0,1 where vy, =Pr(M; =m |T; =t) and pym = E(Y; | M; = m,T; =t).

A proof is based on a tedious but simple application of the Delta method and thus is given in the
online appendix. This asymptotic variance can be consistently estimated by replacing unknown
population quantities with their corresponding sample counterparts. The estimated overall variance
can be obtained by aggregating the estimated within-strata variances according to the sample size
in each strata.

The second and perhaps more general strategy is to use nonparametric regressions to model
pm(z) = EY; | T; = t,M; = m, X; = z) and vyp(z) = Pr(M; = m | T; = t,X; = x), and then
employ the following estimator,

J-1
. 1 [<& X X X
o) = ~ {Z > (X)) (1m (Xi) — VOm(Xz‘))} ; (17)
i=1 m=0
for t = 0,1. This estimator is also asymptotically consistent for the ACME under Assumption
if figm (x) and Dy, (z) are consistent for pyy, (z) and vy, (z), respectively. Unfortunately, in general,
there is no simple expression for the asymptotic variance of this estimator. Thus, one may use
a nonparametric bootstrap (or a parametric bootstrap based on the asymptotic distribution of
fitm (x) and Dy, (x)) to compute uncertainty estimates.
Finally, when the mediator is not discrete, we may nonparametrically model gy, () = E(Y; |
T, =t,M; = m,X; = z) and ¢ (z) = p(M; | T; = t,X; = x). Then, one can use the following
. A K - . - (k) .
estimator, 0(t) = L3 S {/.,Ltm(llz) (X;) — e (Xl-)}, where 'mii) is the kth Monte Carlo
draw of the mediator M; from its predicted distribution based on the fitted model ¥ (X;).
3.3 A Simulation Study

Next, we conduct a small-scale Monte Carlo experiment in order to investigate the finite-sample
performance of the nonparametric estimator defined in equation as well as the proposed
estimator of its asymptotic variance given in Theorem [3| We use a population model where the
potential outcomes and mediators are given by Y;(t,m) = exp(Y;*(t,m)), M;(t) = L{M(t) >
0.5} and Y;*(t,m), M}(t) are jointly normally distributed. The population parameters are set
to the following values: E(Y;*(1,1)) = 2; E(Y;*(1,0)) = 0; E(Y;*(0,1)) = 1; E(Y;*(0,0)) = 0.5;
E(M;(1)) = 1; E(M;(0)) = 0; Var(Y;*(t,m)) = Var(M;(t)) = 1 for t € {0,1} and m € {0,1};



Estimator Sample Size Bias RMSE 90% CI Coverage 95% CI Coverage

6(0) 100 0.014  0.69 0.83 0.87
500 0.013  0.29 0.88 0.93
1000 0.013  0.20 0.89 0.94
2000 0.016 0.14 0.90 0.95
0(1) 100 0.080 1.46 0.87 0.92
500 0.080  0.65 0.90 0.95
1000 0.079  0.46 0.90 0.95
2000 0.094 0.34 0.90 0.95

Table 1: Finite-Sample Performance of the Nonparametric Estimator and its Variance Estimator.
The table presents the results of a Monte Carlo experiment with varying sample sizes and one
million iterations. The upper half of the table represents the results for ) (0) and the bottom half
5(1). The columns represent (from left to right): sample sizes, estimated biases of §(¢), estimated
root mean squared errors (RMSE), and the estimated coverage probabilities of the 90% and 95%
confidence intervals. The true values of 6(0) and §(1) are approximately 0.67 and 3.95, respectively.
The results indicate that the point estimates are approximately unbiased even with small sample
sizes and that the confidence intervals based on the estimated variances of §(0) and §(1) converge
to their nominal coverage values when the sample size reaches about 2,000 and 500, respectively.

Corr(Y;*(t,m),Y;*(t',m')) = 0.5 for ¢, € {0,1} and m,m' € {0,1}; Corr(Y;*(¢t,m), M} (t')) equals
0.3if T; =1 — ¢ and 0 otherwise for ¢t € {0,1} and m € {0, 1}; and Corr(M; (1), M;(0)) = 0.3.

Under this setup, Assumptionis satisfied. In particular, for ¢,¢' = 0, 1, Y;(¢,m) is independent
of M;(t') when T; = ' but they are correlated when 7; = 1 — ' so that one of Pearl’s assumptions,
equation , is violated. We set the sample size n to 100, 500, 1000, and 2000 where half of the
sample receives the treatment and the other half is assigned to the control group, i.e., ny = ng =
n/2. Through Monte Carlo approximation, we find that in this experiment the true ACMEs are
given by §(0) ~ 0.67 and (1) ~ 3.95.

Table [1) shows the results of the experiments based on one million iterations. The performance
of the point estimates turns out to be quite good in this particular setting. Even with sample
size as small as 100, estimated biases are essentially zero for both §(0) and §(1). In fact, for 6(0),
the ratio of the bias to root mean squared error stays well below 10% with a sample size of 1,000
and it only becomes about 11.4% when the sample size becomes as large as 2,000. For 5(1), the
ratio is about 5.5% when the sample size is 100 and increases to about 27.6% when the sample
size is 2,000. The variance estimator also performs well. The estimated variances of §(0) and §(1)
converge to their true values with the sample sizes of 2,000 and 500, respectively, as demonstrated
by the coverage probabilities of the corresponding 90% and 95% confidence intervals.

4 Sensitivity Analysis

Although the ACME is nonparametrically identified under Assumption [I] this assumption, like
other existing identifying assumptions, may be too strong in many applied settings. Consider
randomized experiments where the treatment is randomized but the mediator is not. Causal
mediation analysis is most frequently applied to such experiments. In this case, equation of
Assumption (1| is satisfied but equation may not hold for two reasons. First, there may exist
unmeasured pre-treatment covariates that confound the relationship between the mediator and



the outcome. Second, there may exist observed or unobserved post-treatment confounders. These
possibilities, along with other obstacles encountered in applied research, have led some scholars to

warn against the abuse of mediation analyses (Green et al] [2010).

In this section, we develop a method to assess the sensitivity of an estimated ACME to unmea-
sured pre-treatment confounding. The proposed sensitivity analysis, however, does not address
the possible existence of post-treatment confounders. The method is based on the standard LSEM
framework described in Section and can be easily used by applied researchers to examine the
robustness of their empirical findings. We derive the maximum departure from equation that is
allowed while maintaining their original conclusion about the direction of the ACME (see
[Yamamoto] R008). For notational simplicity, we do not explicitly condition on the pre-treatment
covariates X;. However, the same analysis can be conducted by including them as additional

covariates in each regression.

The proof of Theorem [2| implies that if equation holds, € I T; and €;3 1L T; hold but
€2 1L €;3 does not unless equation also holds. Thus, one way to assess the sensitivity of one’s
conclusions to the violation of equation is to use the following sensitivity parameter,

p = Corr(eig,eig), (18)

where —1 < p < 1. In Appendix we show that Assumption [l implies p = 0. (Of course,
the contrapositive of this statement is also true; p # 0 implies the violation of Assumption [1f). A
non-zero correlation parameter can be interpreted as the existence of omitted variables that are
related to both the observed value of the mediator M; and the potential outcomes Y; even after
conditioning on the treatment variable T; (and the observed covariates X;). Note that these omitted
variables must causally precede T;. Then, we vary the value of p and compute the corresponding
estimate of the ACME.

The next theorem shows that if the treatment is randomized, the ACME is identified given a
particular value of p.

THEOREM 4 (IDENTIFICATION WITH A GIVEN ERROR CORRELATION) Consider the LSEM defined
m equations , , and . Suppose that equation holds and the correlation between €;o
and €;3, i.e., p, is given. If we further assume —1 < p < 1, then the ACME is identified and given

by,

50) = 31) = BN L5 0T A7)

02

where 0]2-

= Var(e;;) for j = 1,2 and p = Corr(e;1, €2).

A proof is in Appendix [A:4 We offer several remarks about Theorem [l First, the unbiased
estimates of (aq, g, 31,32) can be obtained by fitting the equation-by-equation least squares of
equations and . Given these estimates, the covariance matrix of (€;1, €;2), whose elements
are (02,03, po102), can be consistently estimated by computing the sample covariance matrix of

the residuals, i.e., €1 = Y; — &1 — G115 and €0 = M; — &o — 32715

Second, the partial derivative of the ACME with respect to p is given by, 8%5(1‘/) =— 02%22) VI =2)/(1-p?)

for ¢ = 0,1. This implies that the ACME is either monotonically increasing or decreasing in p,

depending on the sign of 32. The ACME is also symmetric about (p,(t)) = (0, f2po1/02).
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Third, the ACME is zero if and only if p equals p. This implies that researchers can easily
check the robustness of their conclusion obtained under the sequential ignorability assumption via
correlation between ¢;; and €. For example, if S(t) = BQ’S/ is negative, the true ACME is also
guaranteed to be negative if p < p holds.

Finally, the expression of the ACME given in Theorem [4is cumbersome to use when computing
the standard errors. A more straightforward and general approach is to apply the iterative feasible
generalized least square algorithm of the seemingly unrelated regression , and use the
associated asymptotic variance formula. This strategy will also work when there is an interaction
term between the treatment and mediating variables as in equation and/or when there are
observed pre-treatment covariates X;.

The sensitivity parameter p can be given an alternative definition which allows it to be inter-
preted as the magnitude of an unobserved confounder. This alternative version of p is based on
the following decomposition of the error terms in equations and ,

€j = NU;+ e;j,
for j = 2,3, where Uj; is an unobserved confounder and the sequential ignorability is assumed given
U; and T;. Again, note that U; has to be a pre-treatment variable so that the resulting estimates
can be given a causal interpretation. In addition, we assume that egj 1L U; for j = 2,3. We can then
express the influence of the unobserved pre-treatment confounder using the following coefficients
of determination,

~ Var(ej,)

 Var(dy)
Var(€;2)

d R = 1-— ——13
and Ry Var(e;3)’

R¥ =1

which represent the proportion of previously unexplained variance (either in the mediator or in the
outcome) that is explained by the unobserved confounder (see . Another interpreta-
tion is based on the proportion of original variance that is explained by the unobserved confounder.
In this case, we use the following sensitivity parameters,

Var(e;2) — Var(e,)
Var(Mi)

Var(e;3) — Var(els)

- (1— 2 2% 2 =
( RM)RM and RY Var(}/;)

Ry = = (- RRY,

where R%, and R? represent the coefficients of determination from the two regressions given in

equations and .

In either case, it is straightforward to show that the following relationship between p and these
parameters holds, i.e., p? = R2*R¥* = R2 R2./{(1 — R%,)(1 — R%)} or equivalently,
sgn(AaAs) R Ry

Ja-R0-Ry)

p = Sgn()\g)\g)RMRik/ =

where R}, RY, R a and Ey are in [0, 1]. Thus, in this framework, researchers can specify the values
of (R2%, R¥*) or (R3,, R%) as well as the sign of Ad2A3 in order to determine values of p and estimate
the ACME based on these values of p. Then, the analyst can examine variation in the estimated
ACME with respect to change in these parameters.

11



5 An Empirical Application

In this section, we apply our proposed methods to an influential randomized experiment from
political psychology.

5.1 Data

[Nelson ef al] (1997) examine how the framing of political issues in news media affects citizens’
political opinions. While the authors are not the first to use causal mediation analysis in political

science, their study is one of the most well-known examples in political psychology and also rep-
resents a typical application of causal mediation analyses in the social sciences. Media framing is
the process by which news organizations define a political issue or emphasize its particular aspects.
The authors hypothesize that differing frames for the same news story alter citizens’ political tol-
erance by affecting more general political attitudes. They conducted a randomized experiment to
test this mediation hypothesis.

Specifically, [Nelson et al| (1997)) used two different local news stories about a Ku Klux Klan

rally held in central Ohio. In the experiment, student subjects were randomly assigned to watch
two different segments of the local news. The two news clips were identical except for the final
story on the Klan rally. In one newscast, the Klan rally was presented as a free speech issue. In
a second newscast, the journalists presented the Klan rally as a disruption of public order that
threatened to turn violent. The sample size is 136 with 67 subjects exposed to the free speech
frame and 69 subjects assigned to the public order frame.

The outcome was measured using two different scales of political tolerance. Immediately after
viewing the news broadcast, subjects were asked two seven-point scale questions measuring their
tolerance for the Klan speeches and rallies. The hypothesis was that the causal effects of the media
frame on tolerance are mediated by subjects’ attitudes about the importance of the right to free
speech and the maintenance of public order. The researchers used additional survey questions to
measure these hypothesized mediating factors.

It is important to note that the researchers in this example are primarily interested in the
mediating mechanism between media framing and political tolerance, not the causal effects of the
hypothesized mediators per se. Indeed, in many social science experiments, researchers’ interest
lies in the identification of causal mediation effects rather than controlled direct effects. Causal
mediation analysis is particularly appealing in such situations.

5.2 Analysis under Sequential Ignorability

In the original analysis,[Nelson et al] (1997) used a LSEM similar to the one discussed in Section [2.4]
and found that subjects who viewed the Klan story with the free speech frame were significantly

more tolerant of the Klan than those who saw the story with the public order frame. The researchers
also found evidence supporting their main hypothesis that subjects’ general attitudes mediated the
causal effect of the news story frame on tolerance for the Klan. In the analysis that follows, we only
analyze the public order mediator, of which the researchers found a significant mediation effect.
As we showed in Section the original results can be given a causal interpretation under
sequential ignorability, i.e., Assumption Here, we first make this assumption and estimate
causal effects based on our theoretical results. Table [2] presents the findings. The second and third
columns of the table show the estimated ACME and average total effect based on the LSEM and the

12



Parametric Nonparametric

Average Mediation Effects

Free speech frame §(0) —0.451 —0.374
[~0.871,-0.031]  [~0.823,0.074]
Public order frame 6(1) —0.566 —0.596
[~1.081,—0.050] [—1.168, —0.024]
Average Total Effect 7 —0.540 —0.627
[1.207,0.127]  [~1.153, —0.099)]

With the no-interaction assumption

Average Mediation Effect —0.510
5(0) = 4(1) [—0.969, —0.051]

Average Total Effect 7 —0.540
[—1.206, 0.126]

Table 2: Parametric and Nonparametric Estimates of the ACME under Sequential Ignorability in
the Media Framing Experiment. Each cell of the table represents an estimated average causal effect
and its 95% confidence interval. The outcome is the subjects’ tolerance level for the free speech
rights of the Ku Klux Klan, and the treatments are the public order frame (7; = 1) and the free
speech frame (T; = 0). The second column of the table shows the results of the parametric LSEM
approach, while the third column of the table presents those of the nonparametric estimator. The
lower part of the table shows the results of parametric mediation analysis under the no-interaction
assumption (3(1) = 5(0)), while the upper part presents the findings without this assumption
thereby showing the estimated average mediation effects under the treatment and the control, i.e.

(1) and 6(0).

nonparametric estimator, respectively. The 95% asymptotic confidence intervals are constructed
using the Delta method. For most of the estimates, the 95% confidence intervals do not contain zero,
mirroring the finding from the original study that general attitudes about public order mediated
the effect of the media frame.

As shown in Section we can relax the no-interaction assumption (Assumption [2)) that is
implicit in the LSEM of [Baron and Kenny] (1986). The first and second rows of the table present
estimates from the parametric and nonparametric analysis without this assumption. These results
show that the estimated ACME under the public order condition (4(1)) is larger than the effect
under the free speech condition (3 (0)) for both the parametric and nonparametric estimators. In

fact, the 95% confidence interval for the nonparametric estimate of §(0) includes zero. However,
we fail to reject the null hypothesis of §(0) = §(1) under the parametric analysis, with the p-value
of 0.238.

Based on this finding, the no-interaction assumption could be regarded as appropriate. The last
two rows in Table [2] contain the analysis based on the parametric estimator under this assumption.
As expected, the estimated ACME is between the previous two estimates, and the 95% confidence
interval does not contain zero. Finally, the estimated average total effect is identical to that without
Assumption [2 This makes sense since the no-inter action assumption only restricts the way the
treatment effect is transmitted to outcome and thus does not affect the estimate of the overall

13



Average Mediation Effect: d

I I I I
-1.0 -0.5 0.0 0.5 10

Sensitivity Parameter: p

Figure 1: Sensitivity Analysis for the Media Framing Experiment. The figure presents the results
of the sensitivity analysis described in Section [dl The solid line represents the estimated ACME
for the attitude mediator for differing values of the sensitivity parameter p, which is defined in
equation . The gray region represents the 95% confidence interval based on the Delta method.
The horizontal dashed line is drawn at the point estimate of 6 under Assumption

treatment effect.
5.3 Sensitivity Analysis

The estimates in Section [5.2| are identified if the sequential ignorability assumption holds. However,
since the original researchers were only able to randomize news stories but not subjects’ attitudes,
this assumption is rather unlikely to hold. For example, the assumption will be violated if subjects’
underlying ideology affects both their public order attitude and their tolerance for the Klan rally
within each treatment condition. This scenario is of particular concern since it is well established
that politically conservative people tend to be more concerned about public order issues and also be
more sympathetic to political groups like the Klan. Thus, we next ask how sensitive these estimates
are to violations of this assumption using the methods proposed in Section [ We consider political
ideologies a pre-treatment confounder since in psychological literature they are usually thought to
cause attitudes toward specific issues but not vice versa. We also maintain Assumption

Figure [1] presents the results for the sensitivity analysis. We plot the estimated ACME of the
attitude mediator against differing values of the sensitivity parameter p, which is equal to the
correlation between the two error terms of equations and for each. The analysis indicates
that the original conclusion about the direction of the ACME under Assumption [1| (represented by
the dashed horizontal line) would be maintained unless p is greater than 0.68. This implies that
the conclusion is plausible given even fairly large departures from the ignorability of the mediator.
This result holds even after we take into account the sampling variability, as the confidence interval
covers the value of zero only when 0.50 < p < 0.78. Thus, the original finding about the negative
ACME is relatively robust to the violation of equation of Assumption |1 under the LSEM.

Next, we present the same sensitivity analysis using the alternative interpretation of p which is
based on two coefficients of determination as defined in Section (1) the proportion of unexplained
variance that is explained by an unobserved pre-treatment confounder (R%% and R3*) and (2) the
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proportion of the original variance explained by the same unobserved confounder (Rﬂ and ]Ei%)
Figure 2] shows two plots based on the types of coefficients of determination. The lower left
quadrant of each plot in the figure represents the case where the product of the coefficients for
the unobserved confounder is negative, while upper right quadrant represents the case where the
product is positive.

For example, this product will be positive if the unobserved pre-treatment confounder represents
subjects’ political ideology, since conservatism is likely to be positively correlated with both public
order importance and tolerance for the Klan. Under this scenario, the ACME is still guaranteed
to be negative as long as the unobserved confounder explains less than 36% of the variance in the
mediator or outcome that is left unexplained by the treatment alone, no matter how large the
corresponding portion of the variance in the other variable may be. Similarly, the direction of
the original estimate is maintained if the unobserved confounder explains less than 34.7% (19.2%)
of the original variance in the mediator (outcome), regardless of the degree of confounding for
the outcome (mediator). Finally, the original conclusion is perfectly robust to the violation of
sequential ignorability if the product of the coefficients for the unobserved confounder is negative,
since the estimated ACME is always negative in the lower left quadrant of each plot.

6 Concluding Remarks

In this paper, we study identification, inference, and sensitivity analysis for causal mediation effects.
Causal mediation analysis is routinely conducted in various disciplines, and our paper contributes
to this fast-growing methodological literature in several ways. First, we provide a new identification
condition for the ACME, which is relatively easy to interpret in substantive terms and also weaker
than existing results in some situations. Second, we prove that the estimates based on the standard
LSEM can be given valid causal interpretations under our proposed framework. This provides a
basis for formally analyzing the validity of empirical studies using the LSEM framework. Third, we
propose a simple nonparametric estimator of ACME and discusses a more general nonparametric
approach. This allows researchers to avoid the stronger functional form assumptions required in
the standard LSEM. Finally, we offer a parametric sensitivity analysis that can be easily used by
applied researchers in order to assess the sensitivity of estimates to the violation of this assumption.
We view this as a significant contribution because the assumptions required for identifying causal
mediation effects are often too strong to justify in applied settings.

Possible future generalizations include allowing multiple mediators in the identification analysis
as well as extending the sensitivity analysis to nonlinear regression models. These extensions are

discussed in detail by [Imai et al|(2009). They also develop procedures for sensitivity analysis when

the model includes an interaction term between the treatment and mediating variables (i.e., when
the no-interaction assumption is relaxed). Finally, an important limitation of our framework is
that it does not allow the presence of a post-treatment variable that confounds the relationship
between mediator and outcome. As discussed in Section [2.3] some of the previous results avoid
this problem by making additional identification assumptions (e.g. . The exploration
of alternative solutions is left for future research.
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A Proofs

A.1 Proof of Theorem
First, note that equation in Assumption [1{ implies,

Y(t',m) L T, | My(t)=m',X; =ux. (19)
for all t,¢' = 0,1, m,m’ € M, and x € X. Next, equation can be rewritten as,
Yilt,m) L M(t) | Ty =t, X = . (20)
Now, for any t,t, we have,

E(Y;(t, My()) | X; = x)
E(Yi(t,m) | Mi(t') = m, X; = @) dFar, () x,—a (m0)

E(Y;(t,m) | Mi(t") = m, T; = t', X; = x) dF g, (1) x, = ()
E(Yi(t,m) | Ti = t', Xi = ) dF g, (1| x,=2 ()

E(Yi(t,m) | T; = t, X; = x) dFnp, 1) 1,=4/ X, = (M)

E(Y;(t,m) | Mi(t) =m,T; = t, X; = x) dFyg, ()| 1=t/ x, =2 (M)

E(Y; | M; =m,T; =t, X; = x) dFyp, 0y 1=t X, =2 ()

Il
— S S S

E(Y; | Mi=m,T; = t, X; = x) dFyp, 11—y x,=2 (M), (21)

where the second equality follows from equation , equation (20)) is used to establish the third and
fifth equalities, equation is used to establish the fourth and last equalities, and the sixth equality
follows from the fact that M; = M;(T;) and Y; = Y;(T;, M;(T;)). Finally, equation implies,
E(Yi(t, M;(t'))) = [ [E(Y; | My =m,T; = t, X; = x) dFpg, 1=, x,=2 (m) dFx,(x). Substituting this
expression into the definition of §(¢) given by equations and yields the desired expression
for the ACME. In addition, since 7 = ((t) 4+ 6(¢') for any ¢,# = 0,1 and ¢ # ¢’ under Assumption
the result for the average natural direct effects is also immediate. O

A.2 Proof of Theorem
We first show that under Assumption [I| the model parameters in the LSEM are identified. Rewrite
equations and using the potential outcome notation as follows,
Mi(T;) = ag+ BT+ en(Th), (22)
Yi(Ti, Mi(T3)) = a3+ BT + yMi(Ty) + es(Ti, Mi(13)), (23)
where the following normalization is used, E(e;2(t)) = E(es(t,m)) = 0 for t = 0,1 and m € M.

Then, equation (4 of Assumption [I] implies €;2(t) L T3, yielding E(e;o(T;) | T; = t) = E(enn(t)) =0
for any ¢ = 0,1. Similarly, equation implies €;3(t,m) L M; | T; = t for all t and m, yielding
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E(eis(Ti, Mi(T3)) | T; = t, M; = m) = E(eiz(t,m) | T; = t) = E(e;3(t,m)) = 0 for any ¢ and m where
the second equality follows from equation . Thus, the parameters in equations and
are identified under Assumption Finally, under Assumption [I] and the LSEM, we can write
E(M; | T;) = ag + poT;, and E(Y; | M;,T;) = as + (B3T; + vM;. Using these expressions and
Theorem [I}, the ACME can be shown to equal (327. 0

A.3 Proof that p =0 under Assumption

First, as shown in Appendix Assumption (1| implies E(e;2(7;) | ;) = 0 and E(e;3(T;, Mi(T3)) |
T;, M;) = 0 where the (potential) error terms are defined in equations and (23)). These mean
independence relationships (together with the law of iterated expectations) imply,

0 = E(es(T;, Mi(T3))M;)
= Eles(Ty, Mi(T;)) (s + BoTi + €in(T3))}
= Eles(T;, Mi(T;))ein(T7)) }-

Thus, under Assumption |1} we have p = 0 <= E{e;2(T;)eis (T3, M;(T;))} = 0. O
A.4 Proof of Theorem

First, we write the LSEM in terms of equations and . We omit possible pre-treatment
confounders X; from the model for notational simplicity, although the result below remains true
even if such confounders are included. Since equation implies E(ej; | T;) = 0 for j = 2,3, we can
consistently estimate (ay, az, 81, 32), where a; = a3 +agy and £ = B3+ (327, as well as (02,03, j).
Thus, given a particular value of p, we have poioy = Y03 + pogos and 07 = y203 + 03 + 2ypoa0s.
If p = 0, then v = poy /oy provided that 02 = o?(1 — p?) > 0. Now, assume p # 0. Then,
substituting o3 = (po1 — y02)/p into the above expression of o yields the following quadratic
equation, 72 — 2ypo /o9 + 03 (p? — p?)/{03(1 — p?)} = 0. Solving this equation and using o3 > 0,

we obtain the following desired expression, v = 7% { p—py/ (1 —p2)/(1— p2)}. Thus, given a

particular value of p, §(t) is identified. O
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