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Ordered Outcome

@ The outcome: Y; € {1,2,...,J} where Y; =1 < Y, =3, etc.
@ Assumption: there exists a underlying unidimensional scale
@ Example: strongly disagree, disagree, agree, strongly agree
@ Ordered logistic regression model:

exp(r; — Xi3)
1 +exp(7; — X/ 8)

Pr(Y; <j | Xi) =

forj=1,...,dJ, which implies,

exp(r — XiB)  exp(rji_1 — Xip)
1+exp(r; — X/B) 1+exp(rj1— X/B)

m(Xi) = Pr(Yi=j| X)) =

@ Normalization for identification (X; includes an intercept):
m=—00<T=0<n< <71y 1<7y=00
@ Generalization of binary logistic regression
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Latent Variable Representation

o Random “utility”: Y7 = X! + ¢; where ¢; " logistic
o lfe i N(0, 1), then the model becomes ordered probit
mj(Xi) = (7j = XiB) = (71 = XiP)

@ Normalization for variance
@ The observation mechanism:

1 if —oc0o= T < \/,* < 71,

2 if ™ = 0 < )/,* S 72,
Yi =1 .

J if TJ—1 < Y,* < Ty=00
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Inference and Quantities of Interest

@ Likelihood function:

/ {Y/:I}
exp(7; — Xl./ﬁ) ~exp(rji—1 — X{B) 1
LB, 7| Y. X) HH{1 +exp(rj— X/3) 1+exp(rj_1 — X!B)

@ g itself is difficult to interpret
@ Directly calculate the predicted probabilities and other quantities

of interest

@ Suppose J =3 and X; > 0. Then,
PV =11X) < 0
PV =3]X) > 0
PY=21%) 7 0
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Multinomial Qutcome

e Yie{1,2,...,J} as before but is not ordered!
@ A generalization of binary/ordered logit/probit
@ Multinomial logit model:

m6) = Pr(Y = | X) = — 22X exp(X; )

S ep(XB) 1+ it exp(X!By)

@ 3y = 0 for identification: 7y = 1 — S0 _1 74
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Latent Variable Representation

@ The observation mechanism: Y; = jif Y = max(Yj, Yy, ..., Yj)

iid.
® Y =XBj+¢cjwherec; ~ F

@ Type | extreme-value distribution: F(e*) = exp{— exp(—¢*)}
@ Density: f(e*) = exp{—¢* — exp(—€*)}
@ McFadden’s Proof:

Pr(Yi=j|X) = [IPr(Y; > Yy | X) =] Pricy <ej+ X5~ 6))

i i
= / [H F{ej+ X/ (8j — 5//)}] f(ej)dej
—o0 |
exp(X; ;)

Sy exp(X!5x)
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Conditional Logit Model

@ A further generalization:
exp(Xj5)
k1 exp(Xj)

@ Subject-specific and choice-specific covariates
@ Multinomial logit model as a special case:

m(Xp) = Pr(Yi=]1 %) =

Xi 0 0
0 Xi 0
0 0 0
)(11 = : ) )(12 - : ) 3 )(IJ = :
0 0 0
0 0 Xi

@ Some restrictions are necessary for identification: for example,
one cannot include a different intercept for each category
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Multinomial Probit Model

@ |IA (Independence of Irrelevant Alternatives)
@ Multinomial/Conditional logit

Pr(Yi=j1X;)
Pr(Y;=J" | Xy)

= exp{(Xj — Xj)'5}

@ blue vs. red bus; Chicken vs. Fish
@ MNP: Allowing for the dependence among errors

Yi _ / if YE;‘:maX( iﬁv i21'--7 Ij)
ii.d.
Y = Xj B+ & where ¢ = N(0, )
~— N =~
Jx1 JxK Kx1 Jx o
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Identification and Inference

@ Two additional steps for identification:
@ Subtract the Jth equation from the other equations:
Wi = Z/B+mn; where 1 " N(0,A)

where Wj = Y — Y}, Zj = X — Xy, and
N=1[l—1, =1ya]x[ly—1, —1-4]
e Set ANq = 1

@ Likelihood function:
L(B,N| X, Y) HH/ / / f(ni | N)dnir dnig -+ - dni g
i=1j=1

where vy = nj + [Z; — Zy]' B for j # jand v; = 0o
@ High-dimensional integration — Bayesian MCMC
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Other Discrete Choice Models

@ Nested Multinomial Logit: Modeling the first choice
je€{1,2,...,J} and the second choice given the first
ke{1,2,...,K}

exp(Xj3)
K.
St g exp(Xiwe B)

Pr(Y = (j, k) | Xi) =

@ Multivariate Logit/Probit: Modeling multiple correlated choice
Yi = (Yi, Yie,..., Yiy) where Yj = 1{Y; > 0} and

Y/ = X{B+¢ where ¢ ik N(0,%)
where ¥; =1 and £ = pjs for all jand j # j
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Sample Selection Model

@ Non-random sampling: S; = 1 if unit / is in the sample, S; =0
otherwise

@ The outcome model: Y; = X/ +¢;

@ The selection model: S; = 1{S; > 0} with S; = X/v + 1,

@ Selection bias:

E(Y; | Xi,Si=1) = X{B+E(ei | Xi,ni > —Xj7) # E(Yi| X))

2

@ Inverse Mill’s ratio (under normality ( a )JN[( 0 )( o s )]):

P(X{7)
d(X/7)

]

E(ei | Xj,ni > —Xiv) = po

@ Sample selection as a specification error

@ Exclusion restriction needed for “real” identification

@ Sensitive to changes in the assumptions: Y; is unobserved for
Si=0
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Optimization Using the EM Algorithm

@ The Expectation and Maximization algorithm by Dempster, Laird,
and Rubin: Google scholar 20,000 citations!

@ Useful for maximizing the likelihood function with missing data

@ Pedagogical reference: S. Jackman (AJPS, 2000)

@ Goal: maximize the observed-data log-likelihood, /(0 | Yops)
@ The EM algorithm: Repeat the following steps until convergence
@ E-step: Compute
0(9 | 9(0) = IE{ln(e | YObSa Ymis) ‘ Yobs,e([)}
where (6 | Yobs, Ymis) is the complete-data log-likelihood
@ M-step: Find

0+ = argmax Q(6 | )
bco

@ The ECM algorithm: M-step replaced with multiple conditional
maximization steps
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Monotone Convergence Property

@ The observed-data likelihood increases each step:
/n(g(tH) | Yobs) > /n(e(t) ‘ Yobs)

@ “Proof™:
Qo In(8 | Yobs) =109 f(Yobs, Ymis | 6) — 109 f(Ymis | Yobs, 0)
@ Taking the expectation W.r.t. f(Yps | Yobs, ()

/,7(0 | Yobs) = 0(9 ‘ 9“))*/|09 f( Ymis | YObSae)f( Ymis | Yobs,e(t))dymis

© Finally,
/n(e(t-H) | Yobs) - In(e(t) | Yobs)
= Q(g(f+1) | 9(0) — Q(g(f) | 9(1))

F(Ymis | Yobs, 09) v, gy
+/|Og f(Ymis | Yobs,ﬂ(t+1))f( Yinis | Yobs, 0°7)dY mis
0

>
@ Stable, no derivative required
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Application to the Heckman’s Selection Model

@ Bivariate Normal as a complete-data model:

Yi X! a? ap
<37‘>NN<<X/7 "o 1
@ Factoring the bivariate normal

N(X{7, 1) x N(X]B + po (S} — X), o2(1 = 7))
1(571X) (Y17 %)

@ E-Step:
o Sufficient statistics: Y;, Y2 for S; = 0, and S, S, ;S; for all
o Compute the conditional expectation of sufficient statistics given all
observed data and parameters
@ M-Step:
e Run two regression with the results from the E-step
o Regress S* on X;; Regress Y; on S and X;
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Concluding Remarks

@ Discrete choice models are widely used in social sciences

@ Latent variable formulation is useful for both interpretation and
computation

@ Be sure to report the quantities of interest; e.g., predicted
probabilities

@ EM algorithm widely applicable to missing data problems
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